The scattering lengths and effective ranges for collisions of ground state Be atoms interacting via the X 1 + g molecular state of the Be 2 dimer are calculated for two published X 1 + g potentials. A new ab initio X 1 + g potential is presented with its vibrational energies and rotational constants. The scattering parameters calculated with it and with the existing potentials are compared. Simple formulae showing how the scattering parameters are influenced by adiabatic coupling to electronic motion are derived within the semi-classical formulation and evaluated for the potentials considered. The formulae imply that a semiclassical account of adiabatic coupling can be made by increasing each atomic mass by one electron mass.
Introduction
Collisions of atoms and molecules have an important influence on the properties of coldtrapped gases. In an ultracold environment, where s-wave scattering dominates, effective range theory shows that the scattering length and effective range are parameters that suffice to describe elastic collisions [1] ; for a sample in thermal equilibrium, the effective range yields a temperature below which the scattering length alone is significant. Derevianko [2] discussed the cooling and trapping of 3 P 2 metastable alkaline earth metals; these triplet state metastable atoms do not readily escape from a magnetic trap and they are long-lived, making trapping and cooling experiments feasible. Nevertheless an, albeit small, fraction of 3 P 2 atoms decay to the 1 S 0 ground state and these ground state atoms collide with each other. The Be atom is an example of an alkaline earth metal atom and here we study ultracold ground state Be atoms scattered via the potential of the X 1 + g state of the Be 2 dimer. We provide a new ab initio potential, compare effective range parameters calculated from it with those calculated from existing published potentials [3, 4] and examine the influence of adiabatic coupling to electronic motion [5] .
Theory and methods

Scattering and vibrational levels
Parameters for ultracold collisions can be determined quantally by extrapolating, to zero energy, the effective range expansions of several phase shifts calculated at small wave numbers [1] , by the variable phase method [6] or by solving the zero-energy Schrödinger equation and examining the asymptotic form of its solution at large atomic separations or using its solution to evaluate certain quadratures [7, 8] . In addition to providing phase shifts, the variable phase method also provides a first-order differential equation whose solution yields the scattering length explicitly. In each method, a numerical integration is performed over a range of the atomic separation R that extends to some value R c that is large enough to ensure that the potential V (R) has negligible influence for R > R c ; the condition requires that the quantity 2µ|V (R)|/h 2 is small, where µ is the reduced mass of the colliding atoms andh is the rationalized Planck's constant, which implies that R c must be large when µ is large. Analyses can be made that enable us to apply long-range corrections to estimates of the scattering parameters made with moderately small values of R c in any of the methods described above [8] . The scattering parameters can also be determined by a semi-classical analysis [9] . We performed quantal and semi-classical calculations, using the variable phase method with longrange corrections [10] for the quantal calculations; we also used the semi-classical method to evaluate the effect of adiabatic corrections [5] to the potentials.
We estimated the number of vibrational states from the formula given for a diatomic molecule by Karl [11] which may be written as the integer part of √ 2µ/mI /π, where m is the mass of an electron and I is the dimensionless quantity defined by
where R 0 is the classical turning point at zero energy. Karl suggested that the integral I be included with the equilibrium distance R e and dissociation energy D e to label a potential; we include its values for the potentials described below. We calculated the vibrational energies by using Numerov's method to generate, at trial energies, solutions of the zero-energy radial Schrödinger equation that vanish at zero atomic separation and then adjusting the energies to coerce these solutions to vanish asymptotically at large separation. Having found the energies we constructed the radial wavefunctions (R) from forward (increasing separation) and backward (decreasing separation) solutions to avoid accumulation of numerical error.
The potentials
The ground state of the beryllium dimer is very difficult to calculate by quantum chemical methods as can be seen in the review paper of Röeggen and Almlöf [12] . Using the full configuration interaction (CI) method with a basis set that includes only s-and p-type atomic orbitals one obtains a single shallow potential well at long range. On adding a single dtype Gaussian function with a fixed exponent, one obtains a double potential well with the deeper part at short range and the shallower part at long range; the parts are separated by a barrier. When the exponent is varied with respect to the atomic separation R according to the variational principle, the barrier disappears leaving only the short range well but its shape is peculiar. As more d-type atomic orbitals are added, the well depth increases but its shape remains peculiar. The addition of the f-type functions has the effect of doubling the depth of the well and making its shape more typical. One requires the addition of g-and h-type atomic orbitals to obtain a relatively accurate potential curve for a wide range of interatomic distances.
We used the published X 1 + g potentials of Stärck and Meyer [3] and of Röeggen and Veseth [4] and also a new ab initio potential. To construct the new potential (shown in table 1), we used a method similar to that used previously by Geum et al [13] . We used atomic basis functions consisting of 15s 10p 5d 3f 2g 1h Gaussian-type primitive functions without contraction. The valence electron correlations were included through a large-scale multi-reference configuration interaction and the core-valence correlation effect [14] was also included. The multi-reference configuration interaction calculations included 5 022 673 configuration state functions. The molecular calculations were done using the Molcas program [15] . The basis set superposition error of our potential was calculated according to the counterpoise method [16] . It has values 4.6 cm −1 at 4.6 bohr and 13.1 cm −1 at 3.5 bohr. As this method is known to overestimate the basis effect and the error is small, the correction was not taken into account.
Stärck and Meyer [3] fitted their tabulated ab initio potential to a combination of the universal damping function of Tang and Toennies [17] applied to the (even) terms in the van der Waals Coulombic dispersion
and a Born-Mayer exponentially decreasing repulsive term. We used the analytic representation of this potential and refer to it throughout as potential I. We used cubic spline fits to the tabulated potential of Röeggen and Veseth [4] , referred to as potential II. We also used cubic spline fits to the tabulated new potential, referred to as potential III. We fitted potentials II and III at long range to the van der Waals dispersion expression with C 6 = 214 hartree-bohr 6 calculated by Porsev and Derevianko [18] , C 8 = 9700 hartree-bohr 8 calculated by Bégué et al [19] and C 10 = 536 000 hartree-bohr 10 from the range given by Standard and Certain [20] . The dispersion coefficients in the fitted potential of Stärck and Meyer [3] are C 6 = 215.7 hartree-bohr 6 , C 8 = 10 420 hartree-bohr 8 and C 10 = 500 000 hartree-bohr 10 ; the series is continued to C 16 via the semi-empirical formula C 2n+4 = (C 2n+2 /C 2n ) 3 × C 2n−2 [17] .
Adiabatic corrections
Dalgarno and McCarroll [5] analysed the coupling of electronic and nuclear motions in diatomic systems and they showed that the adiabatic part of the coupling's influence on molecular states that separate to two s-state atoms (with reduced mass µ) is accounted for by a perturbation
The semi-classical method provides a good representation of the zero-energy wavefunction where the potential well is deep and perturbation (3) is at its most influential; therefore, we use semi-classical analysis [9] to study the influence of the adiabatic correction on the scattering parameters. The presentation is simplified on introducing the mean scattering length
and using the notationˆto denote (dimensionless) quantities of lengths scaled byā. When the leading dispersion term is O(R −6 ), the semi-classical analysis gives the scaled scattering length asâ
and the scaled effective range aŝ
The perturbation alters C 6 by an amount that changesā fractionally by δā/ā = 5m/8µ which is O(µ −1 ). The perturbation changes R 0 in (1) by O(µ −1 ) leading to an O(µ −3/2 ) change in I. From (1) and (3), we see that the perturbation also changes I by
which leads to a fractional change δI /I = √ m/8µ; this is O(µ −1/2 ). Keeping only O(µ −1/2 ) terms and using (5) and (6) and we find that the scaled scattering length and effective range are altered by
and
It is interesting to note from (1), (5) and (6) that the changes to the scattering parameters are identical to the changes that we would obtain by using the unperturbed potential with the mass of each atom increased by one electron mass. Discussions of the dependence of properties of diatomic molecules and colliding atoms on the masses of the component atoms have been given elsewhere [21, 22] . Our discussion is semi-classical but in a fully quantal study, based on a unitary transformation of the Schrödinger equation, Jamieson and Zygelman [22] showed that the above changes to the masses of the atoms are equivalent to perturbing the potential by the part −(m/2µ)(R dV (R)/dR) of the adiabatic perturbation (3). 
Results and discussion
We took the mass of a Be atom to be 9.012 182 u (unified atomic mass units). We show our new potential (potential III) in [24] . However, as noted by Röeggen and Veseth [4] , the determination of D e from the experimental data of Bondybey [24] is uncertain and Bondybey and English [23] estimated it to be in the range 750-800 cm −1 ; our value (with potential III) is closest to this range. We show the calculated scattering parameters in table 3. The data vary considerably across the potentials which reflects the well-known sensitivity of very low energy scattering predictions to details of the potential. The semi-classical formulation can be used to illustrate this. Equation (6) shows that the sensitivity of the effective range is a consequence of the sensitivity of the scattering length a. The values of the ratioā/a being ≈1, >1 and <1 in magnitude for potentials I, II and III, respectively, (ā ≈ 21 bohr) and the value also being negative for potential II explains the big changes in the effective ranges between potential II and the others. There is a small difference in C 6 between potential I and the others whose small effect (viaā) we ignore. Karl's quantity I of (1) [11] varies by little across the potentials, as can be seen in table 2, but the scattering length is ill-conditioned towards a change δI in I because of the magnification by the factor √ 2µ/m (≈128) in ( Table 5 . Energy differences compared with experiment (cm −1 ). changes in table 3 ranges from 1.7ā to 3.7ā; evaluation of the first term only in square brackets in (10) predicts the correct order of magnitude but is insufficient to reproduce the changes completely. The adiabatic coupling of nuclear and electronic motion is seen to be negligible for these particular colliding systems. The vibrational data for our new potential (potential III) are shown in table 4. The number (i.e. 11) of levels found by our quantal method to calculate the vibrational states, described in section 2.1, is equal to that predicted by Karl's formula [11] . A comparison with available experimental data of the energy level differences of all the potentials is made in table 5. Our values for these differences for vibrational quantum numbers ν = 1, 2, 3 and 4 fit the experimental data of Bondybey [24] reasonably well. The potential of Röeggen and Veseth [4] (potential II) yields very close agreement for ν = 1, 3 and 4. For ν = 2 both our potential and potential II yield energies within 4% of the experimental value but on opposite sides of it. However, the potential of Stärck and Meyer [3] (potential I) yields very close agreement for ν = 2 but not such strikingly close agreement for ν = 1, 3 and 4. Potentials I and II together yield energies in very close agreement with experiment for ν = 1, 2, 3 and 4 but neither has the very close agreement for all these quantum numbers. The rotational constants, calculated with our potential III, are slightly smaller than those calculated with the other potentials; the differences increase with increasing vibrational quantum number.
The adiabatic changes to the vibrational energies are shown in table 6. Here, again, the adiabatic perturbation (3) in the potential has little influence. The range of values is slightly smaller for potential III than the ranges for the other potentials. The values change sign when ν is increased. This can be explained as follows. The adiabatic change in energy of the vibrational level with (normalized) radial wavefunction (R) can be expressed (following Table 6 . Adiabatic changes to energies (cm −1 ). 
The sign of the derivative of (R) 2 alternates with increasing separation. As ν is increased, (R) 2 becomes more diffuse and that effect, combined with the asymmetric nature of RV (R), brings a negative bias to the integrand of the above quadrature.
In conclusion, we have seen that of the three potentials considered, our new potential III yields a well whose depth is closest to the experiments but potentials I and II, especially potential II, account more closely for the differences of the lower vibrational levels. We have also seen that the low energy scattering data show no agreement over any of the potentials but this is a reflection of the sensitivity of the low energy scattering cross sections towards the potential. Further study is needed to provide a potential for the X 1 + g molecular state of the Be 2 dimer that yields a description of scattering of Be atoms in ultracold environments with reduced uncertainty.
